Introduction {#Sec1}
============

Splicing systems are generative mechanisms introduced by Tom Head \[[@CR7]\] to model the biological process of DNA recombination. A splicing system consists of an initial language called an *axiom set*, and a set of so-called *splicing rules*. The result of applying a splicing rule to a pair of operand strings is a new "recombinant" string, and the language generated by a splicing system consists of all the words that can be obtained by successively applying splicing rules to axioms and the intermediately produced words. The most natural variant of splicing systems, often referred to as *finite splicing systems*, is to consider a finite set of axioms and a finite set of rules. Several different types of splicing systems have been proposed in the literature, and Bonizzoni et al. \[[@CR1]\] showed that the classes of languages they generate are related: the class of languages generated by finite Head splicing systems \[[@CR7]\] is strictly contained in the class of languages generated by finite Păun splicing systems \[[@CR13]\], which is strictly contained in the class of languages generated by finite Pixton splicing systems \[[@CR12]\].

In this paper we will use the Păun definition \[[@CR13]\], which defines a splicing rule as a quadruplet of words $\documentclass[12pt]{minimal}
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Culik II and Harju \[[@CR3]\] proved that finite Head splicing systems can only generate regular languages, while \[[@CR8]\] and \[[@CR12]\] proved a similar result for Păun, respectively Pixton splicing systems. Gatterdam \[[@CR5]\] gave $\documentclass[12pt]{minimal}
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                \begin{document}$$(aa)^*$$\end{document}$ as an example of a regular language which cannot be generated by a finite Head splicing system, which proved that this is a strict inclusion.

As the classes of languages generated by finite splicing systems are subclasses of the family of regular languages, their descriptional complexity can be considered in terms of the finite automata that recognize them. For example, Loos et al. \[[@CR10]\] gave a bound on the number of states required for a nondeterministic finite automaton to recognize the language generated by an equivalent Păun finite splicing system. Other descriptional complexity measures for finite splicing systems that have been investigated in the literature include the number of rules, the number of words in the initial language, the maximum length of a word in the initial axiom set, and the sum of the lengths of all words in the axiom set. Păun \[[@CR13]\] also proposed the radius, defined to be the size of the largest $\documentclass[12pt]{minimal}
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In the original definition, simple splicing systems are finite splicing systems where all the words in the splicing rules are singleton letters. The descriptional complexity of simple splicing systems was considered by Mateescu et al. \[[@CR11]\] in terms of the size of a right linear grammar that generates a simple splicing language. Semi-simple splicing systems were introduced in Goode and Pixton \[[@CR6]\] as having a finite axiom set, and splicing rules of the form $\documentclass[12pt]{minimal}
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In this paper we focus our study on some variants of semi-simple splicing systems called (*i*, *j*)-semi-simple splicing systems, $\documentclass[12pt]{minimal}
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                \begin{document}$$j = 3, 4$$\end{document}$, wherein all splicing rules have the property that the two strings in positions *i* and *j* are singleton letters, while the other two strings are empty. (Note that Ceterchi et al. \[[@CR2]\] showed that all classes of languages generated by semi-simple splicing systems are pairwise incomparable[1](#Fn1){ref-type="fn"}). In addition, in a departure from the original definition of semi-simple splicing systems \[[@CR6]\], in this paper the axiom set is allowed to be a (potentially infinite) regular set.

More precisely, we investigate the descriptional complexity of (*i*, *j*)-semi-simple splicing systems with regular axiom sets, in terms of the size of the minimal deterministic finite automaton that recognizes the language generated by the system. The paper is organized as follows: Sect. [2](#Sec2){ref-type="sec"} introduces definitions and notations, Sect. [3](#Sec3){ref-type="sec"} defines splicing systems and outlines some basic results on simple splicing systems, Sects. [4](#Sec4){ref-type="sec"}, [5](#Sec5){ref-type="sec"} and [6](#Sec6){ref-type="sec"} investigate the state complexity of (2,4)-, (2,3)- respectively (1,4)-semi-simple splicing systems, and Sect. [7](#Sec7){ref-type="sec"} summarizes our results (Table [1](#Tab1){ref-type="table"}).

Preliminaries {#Sec2}
=============
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                \begin{document}$$x,y,z \in \varSigma ^*$$\end{document}$, we say that *x* is a prefix of *w*, *y* is a factor of *w*, and *z* is a suffix of *w*.

A deterministic finite automaton (DFA) is a tuple $\documentclass[12pt]{minimal}
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A state *q* is called *reachable* if there exists a string $\documentclass[12pt]{minimal}
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                \begin{document}$$\delta (q,w) \in F$$\end{document}$. A state that is not useful is called *useless*. A complete DFA with multiple useless states can be easily transformed into an equivalent DFA with at most one useless state, which we refer to as the *sink state*.
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Semi-simple Splicing Systems {#Sec3}
============================
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Goode and Pixton \[[@CR6]\] define a restricted class of splicing systems called semi-simple splicing systems. A semi-simple splicing system is a triple $\documentclass[12pt]{minimal}
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It is shown in \[[@CR6]\] that the class of languages generated by semi-simple splicing systems is a subclass of the regular languages. Semi-simple splicing systems are a generalization of the class of simple splicing systems, defined by Mateescu et al. \[[@CR11]\]. A splicing system is a simple splicing system if it is a semi-simple splicing system and all markers are of the form (*a*, *a*) for $\documentclass[12pt]{minimal}
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                \begin{document}$$\varepsilon $$\end{document}$ in positions 2 and 4. We can call such splicing rules (1,3)-splicing rules. Then a (1,3)-splicing system is a splicing system with only (1,3)-splicing rules and ordinary semi-simple splicing systems can be considered (1,3)-semi-simple splicing systems. The state complexity of (1,3)-simple and (1,3)-semi-simple splicing systems was studied previously by the authors in \[[@CR9]\].

We can consider variants of semi-simple splicing systems in this way by defining semi-simple (*i*, *j*)-splicing systems, for $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal M = \{(\varepsilon ,a;\varepsilon ,b) \mid (a,b) \in M\}$$\end{document}$. A (2,3)-semi-simple splicing system is a splicing system $\documentclass[12pt]{minimal}
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The classes of languages generated by simple and semi-simple splicing systems and their variants have different relationships among each other. Mateescu et al. \[[@CR11]\] show that the classes of languages generated by (1,3)-simple splicing systems (i.e. ordinary simple splicing systems) and (2,4)-simple splicing systems are equivalent, while, the classes of languages generated by (1,3)-, (1,4)-, and (2,3)-simple splicing systems are all incomparable and subregular.

The situation is different for semi-simple splicing systems. Ceterchi et al. \[[@CR2]\] show that each of the classes of languages generated by (1,3)-, (1,4)-, (2,3)-, and (2,4)-semi-simple splicing systems are all incomparable. So unlike simple splicing systems, the (1,3)- and (2,4)- variants are *not* equivalent. They show this by showing that the language $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$(\{a, b\}, \{(\varepsilon ,a; \varepsilon ,b)\}, \{abab\})$$\end{document}$ but not a (1,3)-semi-simple splicing system.

In this paper, we will relax the condition that the initial language of a semi-simple splicing system must be a finite language, and we will consider also semi-simple splicing systems with regular initial languages. By \[[@CR13]\], it is clear that such a splicing system will also produce a regular language. In the following, we will use the convention that *I* denotes a finite language and *L* denotes an infinite language.

State Complexity of (2,4)-semi-simple Splicing Systems {#Sec4}
======================================================

In this section, we will consider the state complexity of (2,4)-semi-simple splicing systems. Recall that a (2,4)-semi-simple splicing system is a splicing system with rules of the form $\documentclass[12pt]{minimal}
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                \begin{document}$$a, b \in \varSigma $$\end{document}$. As mentioned previously, the classes of languages generated by (1,3)- and (2,4)-simple splicing systems were shown to be equivalent by Mateescu et al. \[[@CR11]\], while the classes of languages generated by (1,3)- and (2,4)-semi-simple splicing systems were shown to be incomparable by Ceterchi et al. \[[@CR2]\].

First, we define an NFA that recognizes the language of a given (2,4)-semi-simple splicing system. This construction is based on the construction of Head and Pixton \[[@CR8]\] for Păun splicing rules, which is based on the construction for Pixton splicing rules by Pixton \[[@CR12]\]. The original proof of regularity of finite splicing is due to Culik and Harju \[[@CR3]\]. We follow the Head and Pixton construction and apply $\documentclass[12pt]{minimal}
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                \begin{document}$$\varepsilon $$\end{document}$-transition removal on the resulting NFA to obtain an NFA for the semi-simple splicing system with the same number of states as the DFA for the initial language of the splicing system.

Proposition 1 {#FPar1}
-------------
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                \begin{document}$$H = (\varSigma ,M,L)$$\end{document}$ be a (2,4)-semi-simple splicing system with a regular initial language and let *L* be recognized by a DFA with *n* states. Then there exists an NFA $\documentclass[12pt]{minimal}
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The result of this construction is an NFA that "guesses" when a splicing operation occurs. Since each component of a semi-simple splicing rule is of length at most 1, the construction of the NFA need only consider the outgoing and incoming transitions of states. In the case of (2,4)-semi-simple splicing systems, for a rule (*a*, *b*), any state with an outgoing transition on *a* has added transitions on *a* to every state with an incoming transition on *b*.

From this NFA construction, we can obtain a DFA via subset construction. This gives an upper bound of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$2^n-1$$\end{document}$ reachable states. This upper bound is the same for (1,3)-simple and (1,3)-semi-simple splicing systems and was shown to be tight \[[@CR9]\]. Since (1,3)-simple splicing systems and (2,4)-simple splicing systems are equivalent, we state without proof that the same result holds for (2,4)-simple splicing systems via the same lower bound witness. Therefore, this bound is reachable for (2,4)-semi-simple splicing systems via the same lower bound witness.

Proposition 2 {#FPar2}
-------------
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                \begin{document}$$n \ge 3$$\end{document}$, there exists a (2,4)-simple splicing system with a regular initial language $\documentclass[12pt]{minimal}
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                \begin{document}$$|M| = 1$$\end{document}$ where *L* is a regular language with state complexity *n* such that the minimal DFA for *L*(*H*) requires at least $\documentclass[12pt]{minimal}
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                \begin{document}$$2^n - 1$$\end{document}$ states.

It was also shown in \[[@CR9]\] that if the initial language is finite, this upper bound is not reachable for (1,3)-simple and (1,3)-semi-simple splicing systems. This result holds for all variants of semi-simple splicing systems and the proof is exactly the same as in \[[@CR9]\]. We state the result for semi-simple splicing systems for completeness.

Proposition 3 {#FPar3}
-------------
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                \begin{document}$$H = (\varSigma , M, I)$$\end{document}$ be a semi-simple splicing system with a finite initial language where *I* is a finite language recognized by a DFA *A* with *n* states. Then a DFA recognizing *L*(*H*) requires at most $\documentclass[12pt]{minimal}
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                \begin{document}$$2^{n-2} + 1$$\end{document}$ states.

This upper bound is witnessed by a (2,4)-semi-simple splicing system which requires both an alphabet and ruleset that grows exponentially with the number of states of the initial language. This is in contrast to the lower bound witness for (1,3)-semi-simple systems from \[[@CR9]\], which requires only three letters. We also note that the initial language used for this witness is the same as that for (1,3)-simple splicing systems from \[[@CR9]\]. From this, we observe that the choice of the visible sites for the splicing rules (i.e. (1,3) vs. (2,4)) makes a difference in the state complexity. We will see other examples of this later as we consider semi-simple splicing systems with other rule variants.

Theorem 4 {#FPar4}
---------
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                \begin{document}$$M \subseteq \varSigma \times \varSigma $$\end{document}$. Then the state complexity of *L*(*H*) is at most $\documentclass[12pt]{minimal}
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                \begin{document}$$2^{n-2} + 1$$\end{document}$ and this bound can be reached in the worst case.

State Complexity of (2,3)-semi-simple Splicing Systems {#Sec5}
======================================================

We will now consider the state complexity of (2,3)-semi-simple splicing systems. Recall that a (2,3)-semi-simple splicing system is a splicing system with rules of the form $\documentclass[12pt]{minimal}
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                \begin{document}$$a, b \in \varSigma $$\end{document}$. We can follow the same construction from Proposition [1](#FPar1){ref-type="sec"} with slight modifications to account for (2, 3)-semi-simple splicing rules to obtain an NFA for a language generated by a (2,3)-semi-simple splicing system with the same number of states as the DFA for the initial language of the splicing system.

Proposition 5 {#FPar5}
-------------
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The bound of Proposition [6](#FPar6){ref-type="sec"} is reachable when the initial language is a regular language, even when restricted to simple splicing rules defined over an alphabet of size 3. This upper bound is met by the (2,3)-simple splicing system $\documentclass[12pt]{minimal}
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The bound of Proposition [6](#FPar6){ref-type="sec"} depends on whether or not the DFA for the initial language contains a sink state. Since a DFA recognizing a finite language must have a sink state, the upper bound stated in the proposition is clearly not reachable when the initial language is finite.

Proposition 8 {#FPar9}
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Unlike the situation with (2,3)-semi-simple splicing systems with regular initial languages, when we restrict (2,3)-semi-simple splicing systems with initial finite languages to allow only (2,3)-simple splicing rules, the bound of Theorem [9](#FPar11){ref-type="sec"} is not reachable.

Proposition 10 {#FPar12}
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This bound is reachable by a family of witnesses defined over an alphabet of size 7. We define the (2,3)-finite simple splicing system $\documentclass[12pt]{minimal}
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State Complexity of (1,4)-semi-simple Splicing Systems {#Sec6}
======================================================

In this section, we consider the state complexity of (1,4)-semi-simple splicing systems. Recall that a (1,4)-semi-simple splicing system is a splicing system with rules of the form $\documentclass[12pt]{minimal}
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                \begin{document}$$a, b \in \varSigma $$\end{document}$. As with (2,3)-semi-simple splicing systems, we can easily modify the construction of Proposition [1](#FPar1){ref-type="sec"} to obtain an NFA for (1,4)-semi-simple splicing systems.

Proposition 12 {#FPar14}
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This NFA construction differs from the constructions for (2,3)- and (2,4)-semi-simple splicing systems in that additional states are introduced for each splicing rule. For each (1,4)-semi-simple splicing rule (*a*, *b*), we add a new state $\documentclass[12pt]{minimal}
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Proposition 13 {#FPar15}
--------------

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H = (\varSigma ,M,L)$$\end{document}$ be a (1,4)-semi-simple splicing system with a regular initial language, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M = M_1 \times M_2$$\end{document}$ with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M_1, M_2 \subseteq \varSigma $$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L \subseteq \varSigma ^*$$\end{document}$ is recognized by a DFA with *n* states. Then there exists a DFA $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$A_H$$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L(A_H) = L(H)$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$A_H$$\end{document}$ has at most $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(2^n - 2)(|M_1|+1) + 1$$\end{document}$ states.

Proof {#FPar16}
-----

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$A = (Q,\varSigma ,\delta ,q_0,F)$$\end{document}$ be a DFA for *L*. We will define the DFA $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$A_H = (Q',\varSigma ,\delta ',q_0',F')$$\end{document}$. Then the state set of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$A_H$$\end{document}$ is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Q' = 2^Q \times (M_1 \cup \{\varepsilon \})$$\end{document}$, the initial state is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q_0' = \langle \{q_0\},\varepsilon \rangle $$\end{document}$, the set of final states is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F' = \{\langle P,a \rangle \mid P \cap F \ne \emptyset \}$$\end{document}$, and the transition function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\delta '$$\end{document}$ is defined$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\delta '(\langle P,\varepsilon \rangle , a) = \langle P', \varepsilon \rangle $$\end{document}$ if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a \not \in M_1$$\end{document}$,$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\delta '(\langle P,\varepsilon \rangle , a) = \langle P', a \rangle $$\end{document}$ if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a \in M_1$$\end{document}$,$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\delta '(\langle P,b \rangle , a) = \langle P', \varepsilon \rangle $$\end{document}$ if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(b,a) \not \in M$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a \not \in M_1$$\end{document}$,$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\delta '(\langle P,b \rangle , a) = \langle P', a \rangle $$\end{document}$ if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(b,a) \not \in M$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a \in M_1$$\end{document}$,$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\delta '(\langle P,b \rangle , a) = \langle \text { im }\delta _a, \varepsilon \rangle $$\end{document}$ if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(b,a) \in M$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a \not \in M_1$$\end{document}$,$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\delta '(\langle P,b \rangle , a) = \langle \text { im }\delta _a, a \rangle $$\end{document}$ if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(b,a) \in M$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a \in M_1$$\end{document}$,where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$P' = \bigcup _{q \in P} \delta (q,a)$$\end{document}$.

This construction gives an immediate upper bound of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(2^n - 1)(|M_1|+1)$$\end{document}$ states, however, not all of these states are distinguishable. Consider the two states $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\langle Q,\varepsilon \rangle $$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\langle Q,a \rangle $$\end{document}$ for some $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a \in M_1$$\end{document}$. We claim that these two states are indistinguishable. This arises from the observation that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\bigcup _{q \in Q} \delta (q,a) = \text { im }\delta _a$$\end{document}$ for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a \in \varSigma $$\end{document}$. Then one of the following occurs:$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\langle Q,\varepsilon \rangle \xrightarrow {b} \langle \text { im }\delta _b,\varepsilon \rangle $$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\langle Q,a \rangle \xrightarrow {b} \langle \text { im }\delta _b,\varepsilon \rangle $$\end{document}$ if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$b \not \in M_1$$\end{document}$,$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\langle Q,\varepsilon \rangle \xrightarrow {b} \langle \text { im }\delta _b,b \rangle $$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\langle Q,a \rangle \xrightarrow {b} \langle \text { im }\delta _b,b \rangle $$\end{document}$ if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$b \in M_1$$\end{document}$.

Note that in either case, it does not matter whether or not $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(a,b) \in M$$\end{document}$ and the two cases are distinguished solely by whether or not *b* is in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M_1$$\end{document}$. Thus, all states $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\langle Q,a \rangle $$\end{document}$ with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a \in M_1 \cup \{\varepsilon \}$$\end{document}$ are indistinguishable.

Thus, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$A_H$$\end{document}$ has at most $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(2^n-2)(|M_1|+1)+1$$\end{document}$ states.    $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$
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We will show that this bound cannot be reached by any (1,4)-semi-simple splicing system when the initial language is finite.
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This bound is witnessed by a (1,4)-semi-simple splicing system that is defined over an alphabet and ruleset that grows exponentially in the size of the number of states of the initial language. This is similar to the (2,4)-semi-simple case. We note also that one can arbitrarily increase the size of *M* by adding symbols and corresponding pairs of rules appropriately. We then get the following result.

Theorem 16 {#FPar20}
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Conclusion {#Sec7}
==========
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Observe that for all variants of semi-simple splicing systems, the state complexity bounds for splicing systems with regular initial languages are reached with simple splicing witnesses defined over a three-letter alphabet. For semi-simple splicing systems with finite initial languages, we note that the state complexity bounds for the (2,3) and (1,3) variants are reached by witnesses defined over a three-letter alphabet, while both of the (1,4) and (2,4) variants require an alphabet size that is exponential in the size of the DFA for the initial language.

We note that the witness for (2,3)-simple splicing systems with a finite initial language is defined over a fixed alphabet of size 7, while the problem remains open for (1,4)-simple splicing systems. Another problem that remains open is the state complexity of (1,4)- and (2,4)- simple and semi-simple splicing systems with finite initial languages defined over alphabets of size *k* for $\documentclass[12pt]{minimal}
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Simple splicing language classes are pairwise incomparable except for the pair (1,3) and (2,4), which are equivalent \[[@CR11]\].
